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Problem 4.1

(a) Work out all of the canonical commutation relations for components of the operators r
and p: [x, y], [x, py], [x, px], [py, pz], and so on. Answer:

[ri, pj ] = − [pi, rj ] = iℏδij , [ri, rj ] = [pi, pj ] = 0, (4.10)

where the indices stand for x, y, or z, and rx = x, ry = y, and rz = z.

(b) Confirm the three-dimensional version of Ehrenfest’s theorem,

d

dt
⟨r⟩ = 1

m
⟨p⟩, and

d

dt
⟨p⟩ = ⟨−∇V ⟩. (4.11)

(Each of these, of course, stands for three equations—one for each component.) Hint: First
check that the “generalized” Ehrenfest theorem, Equation 3.73, is valid in three dimensions.

(c) Formulate Heisenberg’s uncertainty principle in three dimensions. Answer:

σxσpx ≥ ℏ/2, σyσpy ≥ ℏ/2, σzσpz ≥ ℏ/2, (4.12)

but there is no restriction on, say, σxσpy .

[TYPO: This is bad notation because i represents both
√
−1 and an index.]

Solution

Part (a)

Evaluate the commutation relations, using the test function f = f(x, y, z). The mixed partial
derivatives of f are equal by Clairaut’s theorem.

[x̂, ŷ] f = (x̂ŷ − ŷx̂)f = (xy − yx)f = 0

[ŷ, ẑ] f = (ŷẑ − ẑŷ)f = (yz − zy)f = 0

[x̂, ẑ] f = (x̂ẑ − ẑx̂)f = (xz − zx)f = 0

[p̂x, p̂y] f = (p̂xp̂y − p̂yp̂x)f =

[(
−iℏ

∂

∂x

)(
−iℏ

∂

∂y

)
−
(
−iℏ

∂

∂y

)(
−iℏ

∂

∂x

)]
f

=

(
−ℏ2

∂2

∂x∂y
+ ℏ2

∂2

∂y∂x

)
f

= −ℏ2
∂2f

∂x∂y
+ ℏ2

∂2f

∂y∂x

= 0

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.1 Page 2 of 9

Evaluate more of the commutation relations.

[p̂y, p̂z] f = (p̂yp̂z − p̂z p̂y)f =

[(
−iℏ

∂

∂y

)(
−iℏ

∂

∂z

)
−
(
−iℏ

∂

∂z

)(
−iℏ

∂

∂y

)]
f

=

(
−ℏ2

∂2

∂y∂z
+ ℏ2

∂2

∂z∂y

)
f

= −ℏ2
∂2f

∂y∂z
+ ℏ2

∂2f

∂z∂y

= 0

[p̂x, p̂z] f = (p̂xp̂z − p̂z p̂x)f =

[(
−iℏ

∂

∂x

)(
−iℏ

∂

∂z

)
−
(
−iℏ

∂

∂z

)(
−iℏ

∂

∂x

)]
f

=

(
−ℏ2

∂2

∂x∂z
+ ℏ2

∂2

∂z∂x

)
f

= −ℏ2
∂2f

∂x∂z
+ ℏ2

∂2f

∂z∂x

= 0

[x̂, p̂x] f = (x̂p̂x − p̂xx̂)f =

[
x

(
−iℏ

∂

∂x

)
−
(
−iℏ

∂

∂x

)
x

]
f

= −iℏx
∂

∂x
(f) + iℏ

∂

∂x
(xf)

= −iℏx
∂f

∂x
+ iℏx

∂f

∂x
+ iℏf

= iℏf

[x̂, p̂y] f = (x̂p̂y − p̂yx̂)f =

[
x

(
−iℏ

∂

∂y

)
−
(
−iℏ

∂

∂y

)
x

]
f

= −iℏx
∂

∂y
(f) + iℏ

∂

∂y
(xf)

= −iℏx
∂f

∂y
+ iℏx

∂f

∂y

= 0

[x̂, p̂z] f = (x̂p̂z − p̂zx̂)f =

[
x

(
−iℏ

∂

∂z

)
−
(
−iℏ

∂

∂z

)
x

]
f

= −iℏx
∂

∂z
(f) + iℏ

∂

∂z
(xf)

= −iℏx
∂f

∂z
+ iℏx

∂f

∂z

= 0
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Evaluate more of the commutation relations.

[ŷ, p̂x] f = (ŷp̂x − p̂xŷ)f =

[
y

(
−iℏ

∂

∂x

)
−
(
−iℏ

∂

∂x

)
y

]
f

= −iℏy
∂

∂x
(f) + iℏ

∂

∂x
(yf)

= −iℏy
∂f

∂x
+ iℏy

∂f

∂x

= 0

[ŷ, p̂y] f = (ŷp̂y − p̂yŷ)f =

[
y

(
−iℏ

∂

∂y

)
−
(
−iℏ

∂

∂y

)
y

]
f

= −iℏy
∂

∂y
(f) + iℏ

∂

∂y
(yf)

= −iℏy
∂f

∂y
+ iℏy

∂f

∂y
+ iℏf

= iℏf

[ŷ, p̂z] f = (ŷp̂z − p̂z ŷ)f =

[
y

(
−iℏ

∂

∂z

)
−
(
−iℏ

∂

∂z

)
y

]
f

= −iℏy
∂

∂z
(f) + iℏ

∂

∂z
(yf)

= −iℏy
∂f

∂z
+ iℏy

∂f

∂z

= 0

[ẑ, p̂x] f = (ẑp̂x − p̂xẑ)f =

[
z

(
−iℏ

∂

∂x

)
−
(
−iℏ

∂

∂x

)
z

]
f

= −iℏz
∂

∂x
(f) + iℏ

∂

∂x
(zf)

= −iℏz
∂f

∂x
+ iℏz

∂f

∂x

= 0

[ẑ, p̂y] f = (ẑp̂y − p̂y ẑ)f =

[
z

(
−iℏ

∂

∂y

)
−
(
−iℏ

∂

∂y

)
z

]
f

= −iℏz
∂

∂y
(f) + iℏ

∂

∂y
(zf)

= −iℏz
∂f

∂y
+ iℏz

∂f

∂y

= 0
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Evaluate the last commutation relation.

[ẑ, p̂z] f = (ẑp̂z − p̂z ẑ)f =

[
z

(
−iℏ

∂

∂z

)
−
(
−iℏ

∂

∂z

)
z

]
f

= −iℏz
∂

∂z
(f) + iℏ

∂

∂z
(zf)

= −iℏz
∂f

∂z
+ iℏz

∂f

∂z
+ iℏf

= iℏf

Therefore,

[x̂, ŷ] = 0 ⇒ [ŷ, x̂] = − [x̂, ŷ] = 0

[ŷ, ẑ] = 0 ⇒ [ẑ, ŷ] = − [ŷ, ẑ] = 0

[x̂, ẑ] = 0 ⇒ [ẑ, x̂] = − [x̂, ẑ] = 0

[p̂x, p̂y] = 0 ⇒ [p̂y, p̂x] = − [p̂x, p̂y] = 0

[p̂y, p̂z] = 0 ⇒ [p̂z, p̂y] = − [p̂y, p̂z] = 0

[p̂x, p̂z] = 0 ⇒ [p̂z, p̂x] = − [p̂x, p̂z] = 0

[x̂, p̂x] = iℏ ⇒ [p̂x, x̂] = − [x̂, p̂x] = −iℏ

[x̂, p̂y] = 0 ⇒ [p̂y, x̂] = − [x̂, p̂y] = 0

[x̂, p̂z] = 0 ⇒ [p̂z, x̂] = − [x̂, p̂z] = 0

[ŷ, p̂x] = 0 ⇒ [p̂x, ŷ] = − [ŷ, p̂x] = 0

[ŷ, p̂y] = iℏ ⇒ [p̂y, ŷ] = − [ŷ, p̂y] = −iℏ

[ŷ, p̂z] = 0 ⇒ [p̂z, ŷ] = − [ŷ, p̂z] = 0

[ẑ, p̂x] = 0 ⇒ [p̂x, ẑ] = − [ẑ, p̂x] = 0

[ẑ, p̂y] = 0 ⇒ [p̂y, ẑ] = − [ẑ, p̂y] = 0

[ẑ, p̂z] = iℏ ⇒ [p̂z, ẑ] = − [ẑ, p̂z] = −iℏ.

Part (b)

The governing equation for the wave function in three dimensions is

iℏ
∂Ψ

∂t
= − ℏ2

2m
∇2Ψ+ V (x, y, z, t)Ψ(x, y, z, t).

Divide both sides by iℏ.
∂Ψ

∂t
=

iℏ
2m

∇2Ψ− i

ℏ
VΨ

Take the complex conjugate of both sides.

∂Ψ∗

∂t
= − iℏ

2m
∇2Ψ∗ +

i

ℏ
VΨ∗
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Calculate the time-derivative of the expectation value of xj , where xj is x, y, or z depending if j
is 1, 2, or 3, respectively.

d

dt
⟨xj⟩ =

d

dt
⟨Ψ | x̂j |Ψ⟩

=
d

dt

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗(x, y, z, t)(xj)Ψ(x, y, z, t) dx dy dz

=

� ∞

−∞

� ∞

−∞

� ∞

−∞

∂

∂t
[Ψ∗(x, y, z, t)(xj)Ψ(x, y, z, t)] dx dy dz

=

� ∞

−∞

� ∞

−∞

� ∞

−∞
xj

(
∂Ψ∗

∂t
Ψ+Ψ∗∂Ψ

∂t

)
dx dy dz

=

� ∞

−∞

� ∞

−∞

� ∞

−∞
xj

[(
− iℏ
2m

∇2Ψ∗ +
i

ℏ
VΨ∗

)
Ψ+Ψ∗

(
iℏ
2m

∇2Ψ− i

ℏ
VΨ

)]
dx dy dz

=

� ∞

−∞

� ∞

−∞

� ∞

−∞
xj

(
− iℏ
2m

Ψ∇2Ψ∗ +
iℏ
2m

Ψ∗∇2Ψ

)
dx dy dz

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞
xj
(
Ψ∗∇2Ψ−Ψ∇2Ψ∗) dx dy dz

=
iℏ
2m

(� ∞

−∞

� ∞

−∞

� ∞

−∞
xjΨ

∗∇2Ψ dx dy dz −
� ∞

−∞

� ∞

−∞

� ∞

−∞
xjΨ∇2Ψ∗ dx dy dz

)
(1)

Green’s first identity is essentially the multidimensional integration-by-parts formula.

�

D

v∇2u dV =

�

bdy D

v
∂u

∂n
dS −

�

D

∇v ·∇u dV

u and v are any two differentiable functions, D is the domain that these two functions are defined
on, bdy D is the boundary of D, and

∂u

∂n
= n̂ ·∇u

is the directional derivative of u in the outward normal direction from the boundary. For the
infinite domain here, the boundary term vanishes, as Ψ and its derivatives vanish as |x| → ∞.
Using Green’s first identity, the two integrals in equation (1) become

� ∞

−∞

� ∞

−∞

� ∞

−∞
xjΨ

∗∇2Ψ dx dy dz = 0−
� ∞

−∞

� ∞

−∞

� ∞

−∞
∇(xjΨ

∗) ·∇Ψ dx dy dz

� ∞

−∞

� ∞

−∞

� ∞

−∞
xjΨ∇2Ψ∗ dx dy dz = 0−

� ∞

−∞

� ∞

−∞

� ∞

−∞
∇(xjΨ) ·∇Ψ∗ dx dy dz,

which means

d

dt
⟨xj⟩ =

iℏ
2m

[
−
� ∞

−∞

� ∞

−∞

� ∞

−∞
∇(xjΨ

∗) ·∇Ψ dx dy dz +

� ∞

−∞

� ∞

−∞

� ∞

−∞
∇(xjΨ) ·∇Ψ∗ dx dy dz

]
=

iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞
[∇(xjΨ) ·∇Ψ∗ −∇(xjΨ

∗) ·∇Ψ] dx dy dz.
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Simplify the integrand.

d

dt
⟨xj⟩ =

iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞
[∇(xjΨ) ·∇Ψ∗ −∇(xjΨ

∗) ·∇Ψ] dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

[(
3∑

k=1

δk
∂

∂xk

)
(xjΨ) ·

(
3∑

l=1

δl
∂

∂xl

)
Ψ∗ −

(
3∑

k=1

δk
∂

∂xk

)
(xjΨ

∗) ·
(

3∑
l=1

δl
∂

∂xl

)
Ψ

]
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
3∑

k=1

δk
∂

∂xk
(xjΨ) ·

3∑
l=1

δl
∂Ψ∗

∂xl
−

3∑
k=1

δk
∂

∂xk
(xjΨ

∗) ·
3∑

l=1

δl
∂Ψ

∂xl

]
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
3∑

k=1

3∑
l=1

(δk · δl)
∂

∂xk
(xjΨ)

∂Ψ∗

∂xl
−

3∑
k=1

3∑
l=1

(δk · δl)
∂

∂xk
(xjΨ

∗)
∂Ψ

∂xl

]
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
3∑

k=1

3∑
l=1

δkl
∂

∂xk
(xjΨ)

∂Ψ∗

∂xl
−

3∑
k=1

3∑
l=1

δkl
∂

∂xk
(xjΨ

∗)
∂Ψ

∂xl

]
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
3∑

k=1

∂

∂xk
(xjΨ)

∂Ψ∗

∂xk
−

3∑
k=1

∂

∂xk
(xjΨ

∗)
∂Ψ

∂xk

]
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
3∑

k=1

(
∂xj
∂xk

Ψ+ xj
∂Ψ

∂xk

)
∂Ψ∗

∂xk
−

3∑
k=1

(
∂xj
∂xk

Ψ∗ + xj
∂Ψ∗

∂xk

)
∂Ψ

∂xk

]
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
3∑

k=1

(
δjkΨ+ xj

∂Ψ

∂xk

)
∂Ψ∗

∂xk
−

3∑
k=1

(
δjkΨ

∗ + xj
∂Ψ∗

∂xk

)
∂Ψ

∂xk

]
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

(
3∑

k=1

δjkΨ
∂Ψ∗

∂xk
+

���
���

��3∑
k=1

xj
∂Ψ

∂xk

∂Ψ∗

∂xk
−

3∑
k=1

δjkΨ
∗ ∂Ψ

∂xk
−
���

���
��3∑

k=1

xj
∂Ψ∗

∂xk

∂Ψ

∂xk

)
dV

=
iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

(
Ψ
∂Ψ∗

∂xj
−Ψ∗ ∂Ψ

∂xj

)
dV

= − iℏ
2m

� ∞

−∞

� ∞

−∞

� ∞

−∞

(
Ψ∗ ∂Ψ

∂xj
−Ψ

∂Ψ∗

∂xj

)
dV

= − iℏ
2m

� ∞

−∞

� ∞

−∞

[� ∞

−∞

(
Ψ∗ ∂Ψ

∂xj
−Ψ

∂Ψ∗

∂xj

)
dxj

]
dA

= − iℏ
2m

� ∞

−∞

� ∞

−∞

(� ∞

−∞
Ψ∗ ∂Ψ

∂xj
dxj −

� ∞

−∞
Ψ
∂Ψ∗

∂xj
dxj

)
dA

= − iℏ
2m

� ∞

−∞

� ∞

−∞

[� ∞

−∞
Ψ∗ ∂Ψ

∂xj
dxj −

(
ΨΨ∗

∣∣∣∣∞
−∞︸ ︷︷ ︸

= 0

−
� ∞

−∞

∂Ψ

∂xj
Ψ∗ dxj

)]
dA

= − iℏ
2m

� ∞

−∞

� ∞

−∞

[� ∞

−∞
Ψ∗ ∂Ψ

∂xj
dxj +

� ∞

−∞
Ψ∗ ∂Ψ

∂xj
dxj

]
dA
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Therefore, in component form,

d

dt
⟨xj⟩ = − iℏ

2m

� ∞

−∞

� ∞

−∞

(
2

� ∞

−∞
Ψ∗ ∂Ψ

∂xj
dxj

)
dA

= − iℏ
m

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗ ∂Ψ

∂xj
dx dy dz

=
1

m

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗
(
−iℏ

∂

∂xj

)
Ψ dx dy dz

=
1

m
⟨Ψ | p̂j |Ψ⟩

=
1

m
⟨pj⟩,

or as a vector equation,
d

dt
⟨r⟩ = 1

m
⟨p⟩.

Now take the time-derivative of the expectation value of momentum.

d

dt
⟨p⟩ = d

dt
⟨Ψ | p̂ |Ψ⟩

=
d

dt

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗(x, y, z, t) (−iℏ∇)Ψ(x, y, z, t) dx dy dz

= −iℏ
d

dt

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗(x, y, z, t)∇Ψ(x, y, z, t) dx dy dz

= −iℏ
� ∞

−∞

� ∞

−∞

� ∞

−∞

∂

∂t
[Ψ∗(x, y, z, t)∇Ψ(x, y, z, t)] dx dy dz

= −iℏ
� ∞

−∞

� ∞

−∞

� ∞

−∞

[(
∂Ψ∗

∂t

)
∇Ψ+Ψ∗∇

(
∂Ψ

∂t

)]
dx dy dz

= −iℏ
� ∞

−∞

� ∞

−∞

� ∞

−∞

[(
− iℏ
2m

∇2Ψ∗ +
i

ℏ
VΨ∗

)
∇Ψ+Ψ∗∇

(
iℏ
2m

∇2Ψ− i

ℏ
VΨ

)]
dx dy dz

= −iℏ
� ∞

−∞

� ∞

−∞

� ∞

−∞

[
− iℏ
2m

∇2Ψ∗∇Ψ+
i

ℏ
VΨ∗∇Ψ+

iℏ
2m

Ψ∗∇(∇2Ψ)− i

ℏ
Ψ∗∇(VΨ)

]
dx dy dz

= −iℏ
� ∞

−∞

� ∞

−∞

� ∞

−∞

[
− iℏ
2m

∇2Ψ∗∇Ψ+
�
���

��i

ℏ
VΨ∗∇Ψ+

iℏ
2m

Ψ∗∇(∇2Ψ)− i

ℏ
Ψ∗∇VΨ−

�
���

��i

ℏ
Ψ∗V∇Ψ

]
dx dy dz

= −iℏ
� ∞

−∞

� ∞

−∞

� ∞

−∞

− iℏ
2m

∇2Ψ∗∇Ψ+
iℏ
2m

Ψ∗

 3∑
j=1

δj
∂

∂xj

( 3∑
k=1

∂2Ψ

∂x2k

)
− i

ℏ
Ψ∗∇VΨ

 dx dy dz

= −iℏ
� ∞

−∞

� ∞

−∞

� ∞

−∞

− iℏ
2m

∇2Ψ∗∇Ψ+
iℏ
2m

Ψ∗
3∑

k=1

∂2

∂x2k

 3∑
j=1

δj
∂Ψ

∂xj

− i

ℏ
Ψ∗∇VΨ

 dx dy dz
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As a result,

d

dt
⟨p⟩ = −iℏ

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
− iℏ
2m

∇2Ψ∗∇Ψ+
iℏ
2m

Ψ∗∇2(∇Ψ)− i

ℏ
Ψ∗∇VΨ

]
dx dy dz

=

� ∞

−∞

� ∞

−∞

� ∞

−∞

[
− ℏ2

2m
∇2Ψ∗∇Ψ+

ℏ2

2m
Ψ∗∇2(∇Ψ)−Ψ∗∇VΨ

]
dx dy dz

=
ℏ2

2m

� ∞

−∞

� ∞

−∞

� ∞

−∞
[Ψ∗∇2(∇Ψ)−∇2Ψ∗∇Ψ] dx dy dz −

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗∇VΨ dx dy dz.

Green’s second identity says that

�

D

(
u∇2v − v∇2u

)
dV =

�

bdy D

(
u
∂v

∂n
− v

∂u

∂n

)
dS

for any two functions, u and v, on a domain D. For u = Ψ∗ and v = ∇Ψ and D being all of space,
Green’s second identity becomes

� ∞

−∞

� ∞

−∞

� ∞

−∞
[Ψ∗∇2(∇Ψ)−∇2Ψ∗∇Ψ] dV = 0

because Ψ and its derivatives go to zero as |x| → ∞. Therefore,

d

dt
⟨p⟩ = ℏ2

2m
(0)−

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗∇VΨ dx dy dz

=

� ∞

−∞

� ∞

−∞

� ∞

−∞
Ψ∗(−∇V )Ψ dx dy dz

= ⟨Ψ | −∇V |Ψ⟩

= ⟨−∇V ⟩.
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Part (c)

Apply the generalized uncertainty principle for two observables,

σ2
Aσ

2
B ≥

(
1

2i

〈[
Â, B̂

]〉)2

,

to the results of part (a).

[x̂, ŷ] = 0 ⇒ σxσy ≥ 0

[ŷ, ẑ] = 0 ⇒ σyσz ≥ 0

[x̂, ẑ] = 0 ⇒ σxσz ≥ 0

[p̂x, p̂y] = 0 ⇒ σpxσpy ≥ 0

[p̂y, p̂z] = 0 ⇒ σpyσpz ≥ 0

[p̂x, p̂z] = 0 ⇒ σpxσpz ≥ 0

[x̂, p̂x] = iℏ ⇒ σxσpx ≥ ℏ
2

[x̂, p̂y] = 0 ⇒ σxσpy ≥ 0

[x̂, p̂z] = 0 ⇒ σxσpz ≥ 0

[ŷ, p̂x] = 0 ⇒ σyσpx ≥ 0

[ŷ, p̂y] = iℏ ⇒ σyσpy ≥ ℏ
2

[ŷ, p̂z] = 0 ⇒ σyσpz ≥ 0

[ẑ, p̂x] = 0 ⇒ σzσpx ≥ 0

[ẑ, p̂y] = 0 ⇒ σzσpy ≥ 0

[ẑ, p̂z] = iℏ ⇒ σzσpz ≥ ℏ
2
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